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We present a theoretical and experimental study of photonic and electronic transport properties
of a voltage biased InAs semiconductor double quantum dot (DQD) that is dipole-coupled to a su-
perconducting transmission line resonator. We obtain the Master equation for the reduced density
matrix of the coupled system of cavity photons and DQD electrons accounting systematically for
both the presence of phonons and the effect of leads at finite voltage bias. We subsequently derive
analytical expressions for transmission, phase response, photon number and the non-equilibrium
steady state electron current. We show that the coupled system under finite bias realizes an uncon-
ventional version of a single-atom laser and analyze the spectrum and the statistics of the photon
flux leaving the cavity. In the transmission mode, the system behaves as a saturable single-atom
amplifier for the incoming photon flux. Finally, we show that the back action of the photon emis-
sion on the steady-state current can be substantial. Our analytical results are compared to exact
Master equation results establishing regimes of validity of various analytical models. We compare
our findings to available experimental measurements.
PACS numbers: 73.23.-b, 73.63.Kv, 42.50.Ar
Introduction - Hybrid light-matter systems offer a
unique platform to study non-equilibrium many-body
phenomena. Here we study a hybrid system composed of
a voltage-biased double quantum dot (DQD) coupled to
a superconducting transmission line resonator1–5. From
the perspective of Cavity QED physics which studies
fundamental light-matter interaction between a quan-
tum emitter and the radiation field of an electromag-
netic resonator, here we encounter a situation where
the electronic excitations constituting the emitter can-
not be treated as an isolated system. Many-body ef-
fects that derive from the hybridization of the DQD elec-
trons with the lead electrons can lead to novel phenom-
ena at the interface of quantum impurity physics and
quantum optics. In particular, such a setting provides
an accurate probe to study the non-equilibrium dynam-
ics of standard quantum impurity systems. A case in
point is recent theoretical6 and subsequent experimental
work7 that studied the optical signatures of the quench
dynamics of a quantum impurity in the Kondo regime.
More recent work8 addressed a strongly (optically) driven
quantum impurity beyond the linear response regime and
demonstrated the formation of a new quantum-correlated
state characterized by the emergence of a secondary spin-
screening cloud.
Here we study a cavity coupled to a quantum im-
purity through which a steady-state current is driven.
The quantum impurity is a DQD defined on a nanowire
through electrostatic gating and held under a static
source-drain voltage. Such a system acts as an amplifier
for an incident microwave signal. Photon emission from
this system has recently been experimentally analyzed4
showing a gain as large as 15 in the cavity transmission.
Earlier theoretical work has addressed statistics of pho-
ton emission9–12 and intracavity photon number13 but
did not touch on the interplay of phonon and photon-
induced interdot tunneling processes, which experiments
of Ref. 4 indicate to play an important role in deter-
mining the gain and the bandwidth of this cavity-DQD
quantum amplifier. A systematic analysis assessing the
role of photonic and phononic quantum environment in
the non-equilibrium dynamics of this hybrid system has
been missing and is one of the main goals of our paper.
Pinning down the microscopic origin of the various relax-
ation and pure dephasing channels can provide a handle
on engineering the various couplings to the environment
to access the strong-coupling regime crucial for building
highly efficient novel amplifiers for quantum microwave
signals.
The cavity-coupled DQD system studied here is in
some ways analogous to a single-atom laser where the
cavity is formed by a superconducting transmission line
resonator, the gain medium is formed by the voltage-
biased DQD and pumping is achieved by current driven
through the DQD. However, as we will show below, the
intricate interplay between phonon and photon-assisted
tunneling processes lead to a setting where electron and
photon transport can no more be treated separately.
From this perspective this system is rather similar to
a Quantum Cascade Laser14,15 where the active region
is composed of a DQD structure. We first derive the
Master equation for the reduced density matrix of the
DQD-cavity system in the sequential tunneling regime
with one extra electron injected through the leads. For
this we start with a microscopic description of the cou-
pling to the phonon bath that has recently been exper-
imentally studied for InAs nanowire QDs16. We de-
rive analytical expressions for transmission, phase re-
sponse, thresholds, lasing frequencies, photon number
and steady state electron current. In particular, we
show that the non-equilibrium optical susceptibility of
the cavity-DQD amplifier features significant renormal-
ar
X
iv
:1
40
3.
30
75
v1
  [
co
nd
-m
at.
me
s-h
all
]  
12
 M
ar 
20
14
2ization of the gain peak and bandwidth with respect to
a bare current-driven DQD. Next we dissect the back ac-
tion contributions of photon and phonon emission on the
non-equilibrium current driven through the DQD. With
recent progress in the measurement of photon correlation
functions in superconducting circuits17–19, it is now pos-
sible to analyze the statistics of emitted microwave pho-
tons. With this in mind, we compute the spectrum and
the second order correlation function of photons leaving
the cavity. Analytical results are benchmarked against
exact-numerics and when applicable this is compared to
existing experimental measurements.
The paper is organized as follows. In Sec. I we describe
the system studied in recent experiments4. We derive the
full Master equation for a voltage-biased DQD coupled to
a single-mode cavity from a microscopic model. In Sec.
II we derive an effective two-level model for the combined
system that allows us to analyze it in the framework of a
single-atom laser. We compute the laser threshold, fre-
quency, spectrum, photon number and second order cor-
relation function of the photon flux leaving the cavity.
We subsequently compute the transmission and the phase
response below the semiclassical laser threshold and com-
pare to experimental measurements to establish the ex-
perimental regime of parameters. In Sec. III we cal-
culate the non-equilibrium steady state current through
the DQD and compare to experimental measurements.
We devote Sec. IV to the comparison of our analyti-
cal results with exact numerics and also, when applica-
ble, with experimental measurements. In this section we
also describe our findings on the emission spectrum and
the second order correlation function of the photon flux
leaving the cavity and its dependence on experimentally
tunable parameters. The paper is summarized with an
outlook in Sec. V. Details of some calculations are del-
egated to the appendices. Appendix A deals with the
electron transport and treatment of electron leads as a
bath for the cavity-coupled DQD system. In Appendix
B, we derive the equations of motion for our system and
derive the various quantities of experimental and theo-
retical interest.
I. THE MASTER EQUATION OF THE
DQD-CAVITY SYSTEM
As schematically depicted in Fig. 1 we consider a dou-
ble quantum dot (DQD) that is connected to fermionic
reservoirs (FR, chemical potentials µL and µR, VSD =
µL − µR), dipole coupled (vacuum Rabi frequency g) to
a transmission line resonator (R). The DQD is defined on
an InAs nanowire (NW) and is coupled to phonon baths
(PHON) of the substrate and the nanowire. We start
with a microscopic description of the phonon-photon-
Figure 1: (upper panel) Schematic of the DQD cQED
experiment4. The DQD is driven out of equilibrium by
the application of a finite source-drain bias, which
forces electrons to tunnel through the DQD. Due to
electric dipole coupling between the trapped charge in
the DQD and the electric field of the cavity, tunneling
events in the DQD can influence the electromagnetic
field inside of the microwave cavity and vice-versa.
(lower panel) Energetics of the DQD and effective
light-matter coupling g (red) are shown as a function of
detuning. Mixing angle θ as a function of detuning is
seen in black (solid).
DQD-FR
H = HDQD +HR +HDQD−R
+ HPHON +HDQD−PHON
+ HFR +HFR−DQD (1)
Leaving out the parts involving leads, the remaining
Hamiltonian can be written as
HDQD,R,PH =
∫ ∞
−∞
dxΨ†(x)
[
h¯2
2m
∇2 + VDQD(x)
+ VPHOT (x) + VPHON (x)
]
Ψ(x) (2)
where
Ψ†(x) = e†LφL(x) + e
†
RφR(x) (3)
3Here, VDQD(x) is an electrostatic potential describing the
DQD and Ψˆ(x) is the field operator for DQD electrons. A
realistic VDQD(x) can be obtained from a Hartree-Fock
modeling of the DQD. Here we assume that only two
energy levels of the DQD are relevant and use the varia-
tional basis φL,R(x) ∼ e−
(x±d/2)2
2a2 , where d is the inter-dot
distance and a denotes the dot size. Using orthogonality
properties of the basis functions φL(x), φR(x) we get,
HDQD = εLe
†
LeL + εRe
†
ReR + t(e
†
LeR + e
†
ReL) (4)
where t is the tunnel coupling between the two dots given
by
t ≡
∫ +∞
−∞
dxVDQD(x)φL(x)φR(x) (5)
and εi ≡
∫ +∞
−∞ dxVDQD(x)|φi(x)|2 are the bare energy
levels of the two QDs. The effective potential created on
the quantum dot due to the cavity field is given by
V L,Rphoton(x) = αL,R(a+ a
†) (6)
Plugging in Eq. 6 into Eq. 2 gives the light-matter cou-
pling within the constant interaction model
HDQD−R = g0τz(a+ a†) (7)
where g0 is the coupling strength and τz ≡ |L〉 〈L| −
|R〉 〈R|.
We next study the effective potential created by
phonons. There two important phonon contributions16,
those of the substrate (deformation potential and piezo-
electric) and the nanowire. This results in a total phonon
spectral function
J(ω) = JB,piezo(ω) + JB,dp(ω) + JNW (ω) (8)
where we have
JB,dp(ω) = jdp
(
ω
ω0
)3
e
− ω2
ω2
D
(
1− sin
(
ω
ωDD
))
(9)
JB,piezo(ω) = jpiezo
(
ω
ω0
)
e
− ω2
ω2
D
(
1− sin
(
ω
ωDD
))
.(10)
and JNW (ω) can be obtained from modeling with exper-
imentally extracted parameters16. In Eq. 9 and Eq. 10,
ωD =
√
2cs
az
and ωDD = csd and ω0 is a scaling param-
eter introduced for convenience which we choose to be
32.8µeV . Here cs is the speed of phonon propagation
(cs ∼ 11000 m/s) and d is the distance between quantum
dots (d ∼ 120 nm for our structure), each with an axial
confinement (dot size) given by az ∼ 40− 50 nm and the
radius of the nanowire is estimated to be around r ∼ 50
nm.
The coupling strength constants jpiezo and jdp are hard
to independently estimate with the available experimen-
tal data4,16. However, for the purpose of this paper we
choose jpiezo ≈ 5.96 µeV and jdp ≈ 0 to fit the available
experimental data. We do not find significant change in
the features if both are taken to be non-zero except in
the asymptotic behavior which we elaborate on in later
sections.
After incorporating the effect of cavity photons,
phonons and the DQD potential, one is left with having
to treat the coupling with electron leads at finite source-
drain bias. For the treatment of the lead electrons, the
reader is referred to Appendix A.
After integrating out the lead electrons and phonons
we arrive at the following master equation for the DQD-
cavity system with a coherent microwave drive of fre-
quency ωd incident from the left waveguide:
ρ˙ = −i[H, ρ] + γ↓D(σ−) + γ↑D(σ+) + γφD(σz) + κD(a)
+ ΓL cos
2
(
θ
2
)
D(|e〉 〈0|) + ΓL sin2
(
θ
2
)
D(|g〉 〈0|)
+ΓR sin
2
(
θ
2
)
D(|0〉 〈e|) + ΓR cos2
(
θ
2
)
D(|0〉 〈g|)
H =
Ω
2
σz + ωca
†a+ g(σ+a+ σ−a†)
+ i
√
κ
2
E cos(ωdt) (a
† − a), (11)
The system Hamiltonian (11) takes the form of a coher-
ently driven Jaynes-Cummings model for a two level sys-
tem with transition frequency Ω =
√
2 + 4t2. Here σz,±
are pseudo spin operators for the diagonal DQD levels e
and g
|e〉 = cos
(
θ
2
)
|L〉+ sin
(
θ
2
)
|R〉 (12)
|g〉 = − sin
(
θ
2
)
|L〉+ cos
(
θ
2
)
|R〉 (13)
with θ = arctan(2t/) and g = g0 sin(θ) is the -
dependent effective vacuum Rabi frequency (see Fig. 1).
The last term in the Hamiltonian Eq. 11 is the coher-
ent microwave tone of amplitude E incident from the left
waveguide (we assume the coupling to the left and right
waveguides are symmetric, κL = κR = κ/2).
Turning to the dissipative terms in (11) described by
the Lindblad dissipators D(C) = CρC†− [C†C, ρ]/2, κ =
κL + κR is the total cavity loss rate to the left and right
waveguides and ΓL,R are the tunneling from the source
reservoir (L) into the left dot and from the right dot
into the drain reservoir (denoted by R). We consider a
situation (See Fig. 1) where VSD = µL − µR > 0 and
that for any left-right detuning  ≡ εL − εR the levels
are always far from the respective Fermi levels. Here,
we assume that we operate within the finite bias triangle
corresponding to a transport cycle with one additional
electron sequentially tunneling through the DQD from
left to right. While |L〉 and |R〉 denote single particle
levels, we use it here in this regime also to denote the
many-body energy levels with one additional electron on
the left dot and the right dot, respectively. Additionally
4|0〉 denotes the “empty” dot i.e. the dot in its original
configuration before the injection of an electron. Finally,
γ↓, γ↑, γφ are the phonon relaxation, pumping and pure
dephasing contributions that follows from Eq. 8 given by
γ↑() = sin2(θ)n¯(Ω, T )J(Ω) (14)
γ↓() = sin2(θ)(1 + n¯(Ω, T ))J(Ω) (15)
γφ() = cos
2(θ)(1 + 2n¯(0, T ))J(0) (16)
We note that these rates are strong functions of the left-
right detuning  which will have important ramifications
for the results obtained. Here n¯(ω, T ) = 1
eω/T−1 denotes
the mean phonon occupation at frequency ω and tem-
perature T . We assume that T is finite but small with
respect to all energy scales of the Hamiltonian. Because
J ∼ ωs with s > 0, the pure dephasing term γφ can be
neglected (see also Ref. 20,21). In what follows, all nu-
merical data presented and compared to the analytic and
experimental quantities are computed through the exact
numerical solution (with a cavity photon number cutoff)
of Eq. 11.
II. ANALOGY WITH SINGLE ATOM LASER
AND BEYOND
The Master equation derived in the previous section
is not convenient to gain an analytic insight into the
physics of the DQD-cavity amplifier. Progress can be
made by integrating out the empty dot state and setting
up an analogy to the standard theory of the single-atom
laser/amplifier22,
ρ˙ = −i[H, ρ]
+ Γ↓D(σ−) + Γ↑D(σ+) + ΓφD(σz) + κD(a), (17)
(18)
with effective pumping, relaxation and pure dephasing
rates given by30
Γ↑ = γ(1 +Wp)/2 (19)
Γ↓ = γ(1−Wp)/2 (20)
Γφ = (γd − γ/2)/2 (21)
where (also see Fig. 2)
γ = γ↑ + γ↓ + ΓR
[
cos4
(
θ
2
)
+ sin4
(
θ
2
)]
− cos θ
1 + ΓR2ΓL
ΓR
2ΓL
[γ↑ − γ↓ + ΓR cos θ] (22)
Wp ≡ 1
γ
γ↑ − γ↓ + ΓR cos θ
1 + ΓR/2ΓL
(23)
γd = 2γφ + (γ↑ + γ↓ + ΓR)/2 (24)
This master equation describes a single-atom laser with
active levels e and g and effective pump and dissipation
−100 0 100
ǫ(µeV)
8.4
8.6
γd (µeV)
−100 0 100
ǫ(µeV)
−1
0
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Figure 2: (Left panel) γd (Eq. 24) and (Right Panel)
Wp (Eq. 23) as a function of detuning .
terms that are complicated functions of the inter-dot de-
tuning , through the dependences of the mixing angle
θ() and the phonon dissipation rates γ↓(), γ↑(), γφ().
We note that the steady-state solution ρss of this Master
equation contains full information about the photonic as
well as the electronic transport observables. In this sec-
tion we focus the photonic aspects and in particular, the
transmission, phase response, photon number, emission
spectrum and the photon statistics. The reader is re-
ferred to Appendix B for the details of calculations lead-
ing to the transmission and the phase response.
Turning the drive off (E = 0) we obtain the following
equations of motion in the rotating frame with respect to
ωl, where ωl is an emergent frequency scale to be deter-
mined below:
〈a˙〉 = −i∆cl〈a〉 − κ
2
〈a〉 − ig〈σ−〉, (25)
〈σ˙−〉 = −(i∆ql + γd)〈σ−〉+ ig〈aσz〉, (26)
〈σ˙z〉 = γ(Wp − 〈σz〉) + 2ig(〈a†σ−〉 − 〈aσ+〉) (27)
Here, ∆cl = ωc − ωl, ∆ql = Ω − ωl, Wp() is the effec-
tive incoherent pump power measured in terms of the
unsaturated inversion it creates, γd() is the dipole dis-
sipation rate and γ() is the population relaxation rate
(see Eqs. (22) - (24)). We show the strong -dependence
of the pump rate Wp and the dipole dissipation rate γd
in Fig. 2.
These equations can be solved in the steady-state for
〈a〉ss, 〈σ−〉ss, 〈σz〉ss by the semiclassical factorization
〈aO〉 ≈ 〈a〉〈O〉 yielding equations that are equivalent to
Maxwell-Bloch equations. In this approximation equa-
tions 25 to 27 reduce to
〈a〉ss
(
1− 1κ
2 + i∆cl
· g
2
i∆ql + γd
· Wp
1 +G|〈a〉ss|2
)
= 0
which is an equation for |〈a〉ss| and ωl leaving the phase
of the field undetermined. Here G = 4g
2γd
γ(γ2d+∆
2
ql)
. These
can be solved and yield the solution
〈a†a〉ss = |〈a〉ss|2 = 0, Wp < Wth
=
1
G
(
Wp
Wth
− 1),Wp > Wth (28)
5Hence, this semiclassical solution predicts lasing above
the threshold pump power Wp = Wth =
κ(γ2d+∆
2
ql)
2g2γd
. The
same equation provides the line-pulling formula for the
lasing frequency
ωl = ωc
γd
γd + κ/2
+ Ω
κ/2
κ/2 + γd
. (29)
The steady state inversion is clamped to its threshold
value above the threshold
〈σz〉ss = Wp, Wp < Wth
= Wth, Wp > Wth (30)
It’s important to note that the semiclassical solutions
have a limited validity for a single atom laser. This stems
from the fact that the gain medium is not a collective sys-
tem described by a large spin but a single spin for which
quantum fluctuations cannot be ignored. To illustrate
this we plot in Fig. 3 the semiclassical photon number
versus the exact photon number obtained by the numeri-
cal solution of the Master equation (Eq. 11) as well as the
inversion. Here we ramp up the pump power by biasing
the gates between the left dot and the source reservoir
(i.e. ΓL).
We note the existence of a second threshold above
which lasing turns off. This stems from the quantum na-
ture of the gain medium. The same bath that via a com-
plex interplay of phononic and fermionic baths gives rise
to the pumping term (Wp), also gives rise to the quench-
ing of the DQD dipole (via γd). While Wp saturates (as
e.g. ΓL is ramped up) γd monotonically increases. Above
some critical tunneling rate lasing is quenched, signaled
by a sharp semiclassical second threshold visible in Fig.
3. It’s important to note that the laser threshold can
only be reached in the strong coupling regime g2 > κγd.
A further indication that what we have here is not a
conventional laser can be seen from the emission spec-
trum and in particular the photon statistics. In Fig. 3
we show the emission spectrum S(ω) and the second or-
der correlation function g(2)(τ) of photons emitted from
the cavity:
S(ω) =
∫ ∞
−∞
eiωt〈a†(t)a(0)〉dt (31)
and
g(2)(τ) =
〈
a†a†(τ)a(τ)a
〉
〈a†a〉2
(32)
We note that the broad emission spectrum of the DQD-
cavity system below the semiclassical threshold narrows
by an order of magnitude as we approach maximum
cavity emission, and then broadens again. The behav-
ior above the threshold is consistent with the Shawlow-
Townes linewidth ∆ω ∝ 1/〈a†a〉ss . We also note that
there is a strong frequency renormalization of the spec-
tral peak from the cavity frequency below the threshold
1 10 20
Γ(µeV)
0
15 < a† a>
1 10 20
Γ(µeV)
0.0
0.2
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− 10 0 10 20 30
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δω(neV)
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Figure 3: Power spectrum and g(2)(τ). The values are
the same as in Table I except where mentioned. (Left
panel) Plot showing spectrum
S(ω) =
∫∞
−∞ e
iωt〈a†(t)a(0)〉dt with varying dot-lead
tunneling rate. (Right) Plot of g(2)(τ) = 〈a
†a†(τ)a(τ)a〉
〈a†a〉2
for different dot-lead tunneling rates. We consider the
symmetric case ΓL = ΓR = Γ.
to the laser frequency given by the line-pulling formula
Eq. 30. Turning to the photon statistics, we see in the
right panel that below the threshold we have effectively a
thermalized photon gas in the cavity (g(2)(0) ∼ 2) while
above the threshold the distribution g(2)(0) moves away
from its thermal value but remains always above 1. For
larger Γ, the distribution asymptotically approaches 2
again.
We now consider the transmission A = a
√
2κ
E by turn-
ing on E while remaining in the linear response regime.
This can be obtained by the non-linear steady-state sus-
ceptibility of the amplifier (See Appendix)
A() =
iκ/2
iκ/2 + Σ()
(33)
Im[Σ] =
−g2Wpγd
∆2qd + γ
2
d
(34)
Re[Σ] = −g
2Wp∆qd
∆2qd + γ
2
d
(35)
In what follows, instead of analyzing the ωd dependence
of the transmission amplitude, we will fix the incident
60.5
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Figure 4: Plot showing analytical results for
transmission (left column) and phase response (right
column), ie, argument in degrees of Eq. 33 versus
detuning. From top to bottom panel are the behaviour
as one changes (i) Light matter coupling g0. (ii)
Interdot tunneling t and (iii) dot lead tunneling rates
ΓL,ΓR. The analytical plot are generated using Eq 33
microwave signal to the cavity frequency ωd = ωc and
analyze the dependence on the two-level system transi-
tion frequency via the tuning of . The self-energy correc-
tion emerges due to the coupling of the DQD electron to
phonon and electron baths. In Fig. 4 we show the trans-
mission and phase response as a function of detuning. In
particular, we show the trend as one increases the lead-
dot tunneling rate (Γ′), light matter coupling (g′) and
the interdot tunneling (t′). As reference (g,t,Γ) we take
the experimental values for data analyzed in section IV.
The most distinctive feature of the transmission am-
plitude is the gain peak on the positive side of detuning
 > 0. There is a significant renormalization of the po-
sition of the gain peak with respect to a bare current-
driven DQD which would be at resonance, ωd = Ω or
opt =
√
ω2d − 4t2. Assuming the relaxation rate arising
due to phonons is small compared to the dot-lead tun-
neling rate (as is the case for data presented in Section.
IV), we arrive at the following expression for the optimal
opt at which maximal gain results:
opt ∼ 2
√
2t
√−16tωc + 4ω2c + Γ2 + 16t2√−224tωc + 44ω2c + 11Γ2 + 272t2 (36)
We note that this optimal value is the result of the satura-
tion of the effective pump rate (Fig 2) and the quenching
of the light-matter interaction strength g with increasing
 (Fig 1). The above expression is valid only when the
observed maximal gain is at relatively small detuning.
For the realistic parameters of the experiment, the above
formula for optimal detuning seems to be the point where
the peak is theoretically predicted.
III. NON-EQUILIBRIUM ELECTRON
CURRENT
In this section we analyze the non-equilibrium steady
state current below and above the laser threshold. In
the presence of non-zero phonon and photon coupling, a
rather compact analytic expression can be obtained in
the small Γ/t limit
I
Γ
t<1 =
ΓR
2(1 + ΓR/2ΓL)
(1− 〈σz〉ss cos θ) + ΓR sin θ<(〈σ−〉ss)
=
ΓR
2(1 + ΓR/2ΓL)
(1− 〈σz〉ss cos θ), (37)
This expression is valid both below and above threshold.
Here we can insert 〈σz〉 from Eq. 30 and 〈σ−〉 = 0.
Eq. 37 has a complex combination of phonon and photon
contribution that can be isolated.
In the limit of very small phonon and photon coupling
the current is mediated only by coherent inter-dot tun-
neling and is given as a simplified limit of Eq. 37 by
Ino phonon, no photon =
ΓLΓRt
2
ΓL2 + t2(2ΓL + ΓR)
(38)
Below the lasing threshold, we have only phonon con-
tribution (in addition to the coherent inter-dot tunneling
contribution) and this gives us, the following
IPHON =
ΓLΓRt
2
ΓL2 + t2(2ΓL + ΓR)
+γ↓
Γ2L
[
2t2
(√
4t2 + 2 + 2
)
+ 2
(√
4t2 + 2 + 
)]
2 (ΓL2 + t2(2ΓL + ΓR))
2
+O(γ2↓) (39)
One important consequence of including the phonon
contribution is the induced asymmetry in the current-
detuning dependence as opposed to a symmetric
710 15 20
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Figure 5: (Left) Plot showing photon number versus
detuning with and without phonons. In particular, one
clearly notices the phonon reduced photon emission.
Green is without phonons and blue is with phonons. We
used g′0 = 5g0. (Right) Plot showing current (analytical)
versus detuning. The three plots of nonequilibrium
current here are (green) without phonons and photons,
(blue) with only phonons and (red) with both phonons
and photons We used a light matter coupling g′0 = 10g0.
The analytical plots are generated using Eq 28 and 37
lorentzian obtained (Eq. 38) when phonons are ne-
glected.
In Fig. 5, we show the phonon and photon mediated
current contributions to the total non-equilibrium steady
state current as a function of detuning. Close to the
peak current on the positive detuning side, the photon-
mediated component gives rise to an additional current
due to the stimulated emission being maximal in that
range. This additional photon-induced current on the
positive detuning side (see right panel of Fig. 5) occurs in
a detuning window where the system is above the lasing
threshold,
 : WP () > Wth() (40)
It is worthwhile to analyze the asymptotic behaviour of
the DC current Eq. 37. For large detuning  the thresh-
old is pushed further such that WP () < Wth(). This
means that one is left only with the coherent tunneling
current and the phonon induced current.
The tail on the positive detuning side is dominated by
phonon-induced processes. We note that for →∞, the
current behaves as
I||→∞ =
ΓRt
2
2
+ γ↓ (41)
Therefore, the large detuning tail of the current (Eq. 41)
is a competition between coherent tunneling, deformation
and piezo phonon contribution, ie, −2,  e−
2/ω2D and
−1e−
2/ω2D respectively.
IV. EXPERIMENTS MEASUREMENTS AND
COMPARISON TO THEORETICAL
PREDICTIONS
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ǫ(µeV)
0.00
0.05
I(
n
A
)
−200 0 200
ǫ(µeV)
I(
n
A
)
Figure 6: Comparison of our non-equilibrium current
analytical expression (Eq. 37) through a system with
small DQD-leads coupling for negative (left) and
positive (right) source drain bias with the experimental
data. The best fit was for t = 29 µeV, c′piezo = 1.7µeV,
ΓR = 0.77µeV, ΓL = 1.8µeV. Experiment is in blue
cross and theory is red solid lines. The analytical fits
are generated using Eq 37.
In this section, we first present experimental data
(Fig. 6 and Fig. 7) and compare to predictions of
the theoretical models discussed in the previous sections.
Here we take into account charge noise of magnitude
σ ≈ 25µeV 4 by averaging any theoretical result F () by
F¯ () =
∫∞
−∞ d˜ e
− (−˜)2
2σ2 F (˜). We will also compare our
analytical results with exact numerical solution of the
full Master equation (Eq. 11). We analyze (i) Transmis-
sion versus detuning , (ii) Phase response versus detun-
ing, (iii) Current versus detuning and (iv) Photon num-
ber versus detuning. We find that the analytical results
show perfect agreement with the numerically exact treat-
ment of the master equation for the transmission, phase
response and DC current. A more detailed analysis of
the analytical results for transmission and phase response
are presented in Fig. 4. In particular, one clearly sees
that height (gain in signal) of transmission curve is non-
monotonically dependent on both the inter-dot tunneling
and the dot-lead tunneling rate. However, increasing the
light-matter coupling enhances the transmission signal.
As expected the photon flux in the semiclassical treat-
ment above the semiclassical threshold quantitative dif-
fers from exact numerical results. Semiclassical equations
of motion are not expected to be valid near the threshold.
Fig. 5 (left) shows the behaviour of photon flux for two
different scenarios which include and exclude phonons.
One can clearly see the phonon suppressed photon flux
here. The right part of Fig. 5 shows the DC current (i)
without phonons and photons (ii) with only phonons and
(iii) with both phonons and photons. The photon and
phonon assisted nonequilibrium DC electron transport is
8clearly visible in Fig. 5.
Table I: Parameter values from Ref. 4
Cavity and driving frequency ωc 32.5 µeV
Cavity loss rate κ 0.0082 µeV
Light-matter coupling g0 0.0662 µeV
Elastic tunneling t 16.4 µeV
Drain tunneling rate ΓR 16.56 µeV
Source tunneling rate ΓL 16.56 µeV
Phonon cutoff frequency ωcutoff 256 µeV
ωD 60 µeV
Scaling frequency ω0 32.8 µeV
jpiezo (unknown) 5.96 µeV
jdef (unknown) 0.0 µeV
Speed of sound in SiN cs 11000 m/s
Size of an individual quantum dot a 50 nm
Temperature T 8 mK
Gaussian noise σ 25 µeV
We next compare to existing experimental measurements
of DC electron transport, transmission4 and phase re-
sponse. In Fig. 6, we fit the analytical expression for cur-
rent with the experimental data for the scenario in which
the dot-lead tunneling rates and hence the DC electron
current are small (∼ 0.07nA). One clearly sees that the
asymmetry in DC current (as a function of detuning) is
explained by the presence of phonons. This regime (Fig.
6), ie, weak transport regime is explained well with our
model which assumes a DQD weakly coupled to leads. In
Fig. 7, we see that there is a sizable discrepancy between
the theoretical data and experiments and we believe that
this can be attributed to the strong coupling of the dot
to the leads which invalidates the perturbative treatment
of the leads underlying our Master equation.
V. CONCLUSION
We provided a first-principles derivation of the Master
equation for a DQD coupled to a single cavity mode,
considering systematically both the presence of phonons
and the effect of leads at finite voltage bias. We derived
an effective model of a rather unconventional single-atom
laser/amplifier and investigated all relevant quantities
(such as photon transmission, phase response, threshold,
spectrum, photon number and g(2) correlation function).
Phonons and the leads under finite bias are established to
be the source of relaxation, pumping and pure dephas-
ing mechanisms. We obtain the analytical results for
the DC current, photon flux, photon transmission and
phase response below and above threshold and these re-
sults are benchmarked by exact Master equation simula-
tions. When applicable, we compared our analytical and
numerical results to existing experimental data of photon
transmission, phase response and non-equilibrium steady
state electron current. We believe that these results, both
0.8
1.0
|A|2
−200 0 200
ǫ(µeV)
0
10
20
φ( ◦ )
0.8
1.0
1.2
|A|2
−2
0
2
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−200 0 200
ǫ(µeV)
0
1
I(nA)
Figure 7: Theoretical vs experimental fit. The first
column represents zero bias data. The second column
represents finite bias data. The first row represents
transmission, the second phase response and the last
current (obviously, there is no current in the zero bias
regime). The analytical fits are generated using Eq 33
and 37.
analytical and numerical, are of paramount importance
in establishing the optimal parameter choice for future
experiments to reach the strong-coupling regime and las-
ing, as studied before in atomic and solid-state Cavity
QED23–25.
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9Appendix A: Electron Transport
In this appendix we analyze transport in the special case
when there is at most one electron on the DQD.
The starting Hamiltonian is:
H = HDQD +Hleads +Hleads−DQD (A1)
HDQD = ωLe
†
LeL + ωRe
†
ReR + t(e
†
LeR + e
†
ReR) (A2)
Hleads =
∑
kj
ωkjb
†
kjbkj (A3)
Hleads−DQD =
∑
kj
(tkjbkje
†
j + h.c.) (A4)
where j ∈ {L,R}, e†L ≡ |L〉 〈0| and e†R ≡ |R〉 〈0| are the
creation operators for an electron on the left and right
QDs and b†kj = |k, j〉 〈0| is the creation operator for an
electron in state k in the jth reservoir.
In the Schrödinger picture the Born-Markov second order
master equation takes the form26 :
ρ˙DQD(t) = −i[HDQD, ρDQD(t)] (A5)
−
∫ ∞
0
dτ〈[Hleads−DQD,
[Hleads−DQD(τ), ρdqd(t)⊗ ρleads]]〉Hleads
where O(τ) ≡ ei(Hdqd+Hleads)τOe−i(Hdqd+Hleads)τ is the
interaction picture operator O at time τ .
Therefore, in order to find the master equation we need
to know the time dependence of Hleads−DQD in the in-
teraction picture. For this we need to know the time
dependence of e†j and b
†
kj :
e†L(t) = cos
(
θ
2
)
eiEete†e − sin
(
θ
2
)
eiEgte†g
e†R(t) = sin
(
θ
2
)
eiEete†e + cos
(
θ
2
)
eiEgte†g
b†kj(t) = e
iεkjtb†kj . (A6)
where e†e = |e〉 〈0|, e†g = |g〉 〈0| are the creation operators
for electrons on the DQD in the excited and the ground
state and Ee,g,0, the eigenenergies of the DQD are:
Ee =
ωL + ωR
2
+
Ω
2
, (A7)
Eg =
ωL + ωR
2
− Ω
2
, (A8)
E0 = 0 (A9)
where Ω =
√
(ωL − ωR)2 + 4t2.
To evaluate A5 we use the fact that the leads are
fermionic reservoirs at zero temperature with the chem-
ical potential µj , and ignore the usually trivial effects of
Lamb-shift type of terms to obtain:
〈
∑
k
bkj〉Hleads = 〈
∑
k
b†kj〉Hleads = 0
〈
∫ ∞
0
dτ
∑
k
t∗kjb
†
kj(0)
∑
q
tqjbqj(τ)e
iω0τ 〉Hleads
=
∫ ∞
0
dτ
∑
k,q
t∗kjtqj〈b†kj(0)bqj(0)〉Hleadsei(ω0−ωqj)τ
=
∫ ∞
0
dτ
∑
k,q
t∗kjtqjδ(k, q)Θ(µj − ωqj)ei(ω0−ωqj)τ
=
∑
k
|tkj |2Θ(µj − ωkj)piδ(ω0 − ωkj)
=
1
2
J(ω0)Θ(µj − ω0)(A10)
where Jj(ω) ≡ 2pi
∑
k |tkj |2δ(ω−ωkj) is the spectral den-
sity function of the jth reservoir and Θ(x) is the Heavi-
side step function.
For simplicity we evaluate the special case when µL >
Ee, Eg > µR and we assume that the reservoir spectral
density function varies slowly between ω = Ee and ω =
Eg such that we can make the approximation Jj(Eg) ≈
Jj(Ee). In this case we introduce A6 into A5 and use
A10 to obtain the following master equation:
ρ˙DQD = −i[HDQD, ρDQD] (A11)
+ΓLD
(
cos
(
θ
2
)
|e〉 〈0|+ sin
(
θ
2
)
|g〉 〈0|
)
+ΓRD
(
− sin
(
θ
2
)
|0〉 〈e|+ cos
(
θ
2
)
|0〉 〈g|
)
We “secularize" equation A11 as described in27–29 . In
this approximation, the excited and the ground state of
the DQD are assumed to interact independently with
the lead electrons. Secularization is valid as long as the
linewidths of the ground and excited states of the DQD
are smaller than the energy difference between them and
the two states can be distinguished clearly. When this is
not the case (i.e. ΓL,R ≥ Ee−Eg) we expect this approx-
imation to break down. The secularized master equation
is:
ρ˙DQD = −i[HDQD, ρDQD] + ΓL cos2
(
θ
2
)
D(|e〉 〈0|)
+ ΓL sin
2
(
θ
2
)
D(|g〉 〈0|)
+ ΓR sin
2
(
θ
2
)
D(|0〉 〈e|)
+ ΓR cos
2
(
θ
2
)
D(|0〉 〈g|)
HDQD = ωLe
†
LeL + ωRe
†
ReR + t(e
†
LeR + e
†
ReR) (A12)
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In the eigenbasis HDQD has the form:
HDQD =
ωL + ωR
2
I2 +
Ω
2
σz,
= −ωL + ωR
2
|0〉 〈0|+ Ω
2
σz (A13)
where where we used the Pauli spin operators in the
eigenbasis {|e〉 , |g〉} (i.e. I2 = |e〉 〈e| + |g〉 〈g|, σz =
|e〉 〈e| − |g〉 〈g|, σ+ = |e〉 〈g| and σ− = |g〉 〈e|).
Since the zero state energy does not enter the dynam-
ics anymore (this energy only mattered in obtaining the
rates ΓL,R) we can ignore the term proportional |0〉 〈0|
with impunity to obtain the final Hamiltonian:
HDQD =
Ω
2
σz. (A14)
Appendix B: Equations of Motion
1. Starting Equations of Motion
We start from the secularized master equation:
ρ˙ = −i[H, ρ] + γ↓D(σ−) + γ↑D(σ+) + γφD(σz) + κD(a)
+ΓL cos
2
(
θ
2
)
D(|e〉 〈0|) + ΓL sin2
(
θ
2
)
D(|g〉 〈0|)
+ΓR sin
2
(
θ
2
)
D(|0〉 〈e|) + ΓR cos2
(
θ
2
)
D(|0〉 〈g|),
H =
Ω
2
σz + g(σ+a+ σ−a†)
+ ωca
†a+ i
√
κ
2
E cos(ωdt)(a
† − a). (B1)
To solve the above problem we use linear response the-
ory. Since E is a small perturbation we ignore the time
dependent term i
√
κ/2E cos(ωdt)(a
†−a) at first. We as-
sume that the system will reach a steady state in which
the photon electric field and DQD electric dipole oscillate
at a frequency ωl which we call the laser frequency and
will be determined subsequently. Therefore, we look at
−100 0 100
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Figure 8: (top left) Photon transmission versus
detuning () (top right) Phase response versus detuning
(bottom left) Non-equilibrium steady state current
versus detuning (bottom right) Cavity photon number
versus detuning. Analytics is solid line (blue) while
exact numerics is red circles. Parameter values are
given in Table I except for photon emission (bottom
right) where g0 → 5.3g0 so that we can go above
threshold. The discrepancy in photon number exhibited
in the bottom right figure is exactly what we would
expect from a semiclassical approximation. The
analytical results are generated from Eq. 33
(transmission and phase response), Eq. 28 (photon
number) and Eq. 37 (DC electron current).
the equations of motion in a frame rotating at ωl:
〈a˙〉 = −i∆cl〈a〉 − κ
2
〈a〉 − ig〈σ−〉 (B2)
〈σ˙−〉 = −(i∆ql + 2γφ + γ↑ + γ↓ + ΓR
2
)〈σ−〉
+ ig〈aσz〉, (B3)
〈σ˙z〉 = −
(
2γ↓ + ΓR sin2
(
θ
2
))
1
2
(〈I2〉+ 〈σz〉)
+
(
2γ↑ + ΓR cos2
(
θ
2
))
1
2
(〈I2〉 − 〈σz〉)
+2ig(〈a†σ−〉 − 〈aσ+〉) + ΓL cos θ〈σ0〉 (B4)
〈σ˙0〉 = ΓR sin2
(
θ
2
)
1
2
(〈I2〉+ 〈σz〉)
+ ΓR cos
2
(
θ
2
)
1
2
(〈I2〉 − 〈σz〉)− ΓL〈σ0〉 (B5)
1 = 〈I2〉+ 〈σ0〉. (B6)
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Figure 9: Top left: Γ↑, top right Γ↓, bottom left Γφ,
bottom right Wp. ΓR = ΓL = 1µeV , the rest of the
experimental values are as in Table I. Green is without
phonons, blue is with phonons.
where σi are the usual Pauli spin matrices in the eigen-
basis {|e〉 , |g〉}, I2 ≡ |e〉 〈e|+ |g〉 〈g| and σ0 ≡ |0〉 〈0|. We
are only interested in the steady state solutions.
Integrating out σ0 we obtain the following equations in
the steady state:
0 = −i∆cl〈a〉ss − κ
2
〈a〉ss − ig〈σ−〉ss, (B7)
0 = −(i∆q + γd)〈σ−〉ss + ig〈aσz〉ss, (B8)
0 = −γr(〈I2〉ss + 〈σz〉ss)
+ γp(〈I2〉ss
− 〈σz〉ss) + 2ig(〈a†σ−〉ss − 〈aσ+〉ss), (B9)
〈I2〉ss = 1 + 〈σz〉ss cos θΓR/(2ΓL)
1 + ΓR/(2ΓL)
, (B10)
where γr ≡ γ↓ + ΓR sin4 (θ/2), γp ≡ γ↑ + ΓR cos4 (θ/2)
and γd ≡ 2γφ + (γ↑ + γ↓ + ΓR)/2.
Introducing the last equation into the third equation we
obtain:
〈σ˙z〉ss = 0 = γ(Wp − 〈σz〉ss)
+ 2ig(〈a†σ−〉ss − 〈aσ+〉ss) (B11)
γ ≡ γp + γr − (γp − γr)cos θΓR/(2ΓL)
1 + ΓR/(2ΓL)
(B12)
Wp ≡ 1
γ
γp − γr
1 + ΓR/(2ΓL)
. (B13)
So far, no approximation have been made.
We need to solve the following equations, known as the
Maxwell-Bloch equations:
0 = −i∆cl〈a〉ss − κ
2
〈a〉ss − ig〈σ−〉ss, (B14)
0 = −(i∆ql + γd)〈σ−〉ss + ig〈aσz〉ss, (B15)
0 = γ(Wp − 〈σz〉ss)
+ 2ig(〈a†σ−〉ss − 〈aσ+〉ss). (B16)
Although the above equations do not contain the third
level, the trace of the density matrix is not 1. This in-
formation is contained in the value of I2 which we also
eliminated in the above. Therefore, the above equations
describe the equations of motion of a two level system,
and can be obtained from the following two-level master
equation:
ρ˙ = −i[H, ρ] + Γ↓D(σ−)
+Γ↑D(σ+) + ΓφD(σz) + κD(a),
H =
Ω
2
σz + g(σ+a+ σ−a†)
+ ωca
†a+ i
√
κ
2
E cos(ωdt)(a
† − a). (B17)
with effective pumping, relaxation and pure dephasing
rates given by
Γ↑ = γ(1 +Wp)/2 (B18)
Γ↓ = γ(1−Wp)/2 (B19)
Γφ = (γd − γ/2)/2 (B20)
Notice that the two level system reduction is exact when
determining the steady state expectation values of oper-
ators and correctly describes the time evolution of the
photon field when κ  Γ↓,↑,φ, when the DQD will adia-
batically follow the photon field. To determine values of
experimentally relevant operators, we express the opera-
tors in terms of the three level system operators, then use
equations B10 and B6 to express the operators in terms
of two-level system operators obtained from solving B17.
2. Semiclassical Approximation
Notice that the system of equations B14 is not closed.
In fact we can never obtain a closed system of equations
using this method. If we were to find the equations of
motion for quantities like 〈aσz〉 we would obtain equa-
tions that depend on other new terms and so on. Since
the master equation cannot be solved exactly there are
two main approximations that are usually employed at
this stage. Firstly, one can do a semi-quantum approxi-
mation which assumes 〈σza〉 ≈ 〈σz〉〈a〉. An even stronger
approximation, which we will use, is the semiclassical ap-
proximation which assumes that the cavity field a resem-
bles a classical field. This allows us to factorize operator
expectation values such that 〈aO〉 ≈ 〈a〉〈O〉 for any DQD
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operator O. In this approximation the equations of mo-
tion become:
0 = −i∆cl〈a〉ss − κ
2
〈a〉ss − ig〈σ−〉ss, (B21)
0 = −(i∆ql + γd)〈σ−〉ss + ig〈a〉ss〈σz〉ss, (B22)
0 = γ(Wp − 〈σz〉ss)
+ 2ig(〈a†〉ss〈σ−〉ss − 〈a〉ss〈σ+〉ss). (B23)
The last two equations imply:
〈σz〉ss = Wp
1 +G|〈a〉ss|2 , (B24)
〈σ−〉ss = ig|〈a〉ss| 〈σz〉ss
i∆ql + γd
, (B25)
where G = 4g2γd/(γ(γ2d + ∆
2
ql)). Introducing this back
into the EOM for the cavity field we obtain the following
equation:
〈a〉ss
(
1− 1κ
2 + i∆cl
· g
2
i∆ql + γd
· Wp
1 +G|〈a〉ss|2
)
= 0.
Equating the imaginary parts on both sides of the equa-
tion we obtain the so called line pulling formula which
determines the lasing frequency ωl:
ωl = ωc
γd
γd + κ/2
+ Ω
κ/2
κ/2 + γd
. (B26)
The above equation implies that the lasing frequency will
be "pulled" towards the frequency of the higher quality
part of the system.
Analysing equation B26 we see that there is a critical
Wp which yields qualitatively different solutions. When
Wp < 2κ/(Gγ) only the trivial solution |〈a〉ss|2 = 0 is
allowed. However, when Wp > 2κ/(Gγ) another more
interesting solution is allowed. This critical Wp is known
as the laser threshold Wth ≡ 2κ/(Gγ).
Therefore we express the cavity field intensity as:
|〈a〉ss|2 =
{
0, Wp < Wth,
1
G
(
Wp
Wth
− 1
)
, Wp > Wth.
. (B27)
The steady state inversion is:
〈σz〉ss =
{
Wp, Wp < Wth
Wth, Wp > Wth
. (B28)
We can also obtain the steady state current:
Iss ≡ ΓRρRR = ΓR
2(1 + ΓR/(2ΓL))
(1− 〈σz〉ss cos θ)
+ ΓR sin θ<(〈σ−〉ss) (B29)
=
ΓR
2(1 + ΓR/(2ΓL))
(1− 〈σz〉ss cos θ),
where we used the fact that 〈σ−〉ss = 0 due to phase
diffusion as we subsequently show in B34.
3. Transmission
We have found the expressions for the cavity field inten-
sity and inversion. At this point we reintroduce the clas-
sical perturbative probing field E cos(ωdt) into the initial
equations and calculate the other system operators keep-
ing in mind that inversion and field intensity are fixed
due to nonperturbative processes. According to linear
response theory the perturbation E will introduce a os-
cillatory perturbation rotating at the driving frequency
ωd such that the steady state cavity field is:
lim
t→∞ a(t) = ale
−iωlt + ade−iωdt (B30)
where al is the field operator in the absence of the driving
field E while ad is a small perturbation induced by the
driving field. The DQD coherence σ− will be similarly
affected such that:
lim
t→∞σ−(t) = σ
l
−e
−iωlt + σd−e
−iωdt (B31)
In this case the equations of motion for 〈al〉 are:
〈a˙l〉ss = 0 = −i∆cl〈al〉ss − κ
2
〈al〉ss
−ig〈σl−〉ss (B32)
〈σ˙l−〉ss = 0 = −(i∆ql + γd)〈σl−〉ss
+ig〈al〉ss〈σz〉ss (B33)
where the inversion 〈σz〉ss was calculated in B28. It’s
easy to solve the above equations of motion and obtain:
〈al〉ss = 〈σl−〉ss = 0 (B34)
This effect is known as phase diffusion22. The equations
of motion for 〈ad〉 are:
〈a˙d〉ss = 0 = −i∆cd〈ad〉ss − κ
2
〈ad〉ss
−ig〈σd−〉ss +
√
κ/8E (B35)
〈σ˙d−〉ss = 0 = −(i∆qd + γd)〈σd−〉ss +
ig〈ad〉ss〈σz〉ss (B36)
where, again, the inversion 〈σz〉ss was calculated in B28
and is not influenced by the perturbation E. By defining
the observable A ≡ √2κ〈ad〉ss/E we can solve the above
to obtain:
A =
κ/2
i∆cd + κ/2− g2〈σz〉ss/(i∆qd + γd) (B37)
Notice that |A|2 gives the transmission coefficient of a
microwave of strength E through transmission line res-
onator, while φ = arctan[Im (A)/Re (A)] gives the phase
shift of the microwave. Although the above formula looks
simple it has a complicated dependence on detuning since
g, ∆qd, ∆cd,ωd, and σz are all functions of detuning .
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